Online Sign Identification: Minimization of the Number of Errorsin

Thresholding Bandits

v,

3* **NEURAL

Reda Ouhamma®, Rémy Degenne”, Pierre Gaillard™, Vianney Perchet* 2. INFORMATION

" Univ. Lille, Inria, CNRS, Centrale Lille, UMR 9189 CRIStAL, F-59000 Lille, France. T Univ. Grenoble Alpes, Inria, CNRS, Grenoble
INP, LJK, 38000 Grenoble, France. * Crest, Ensae & Criteo Al Lab

Loss analysis

*}» PROCESSING
0)¢® SYSTEMS

Setting and contributions

Online sign identification

e Multi-armed bandit: Arm k£ ~ v, mean uj, variance o
o predict s, = sign(ux) € {—1,1}.

e Given weights (ar)1<x<x € R and budget of T' samples, minimize

Ly =Yy axll {3 # 51}

Contributions: We investigate the thresholding bandit problem with a
weighted number of errors loss. Our contributions are:

1. A generic method to design algorithms, with generic proof and
good performance on the weighted number of errors loss

2. The class of algorithms we analyze includes both LSA and APT, we
Improve the exponential decay rate in their bound: by a factor of
4005 for LSA and 8 for APT

3. Lower-bounds and counter-intuitive results regarding adaptivity

Index-based algorithms

We consider Index-based algorithms: at time ¢t + 1 pull:

: : B
it41 € arg min F'(Ng ¢, Nk 1 As 4, ak)
ke[K] ’

Algorithm 1 Index-based algorithms for thresholding bandit

1: Input parameters: an index function F: N x Ry x R} — R,
ail,...,ax > 0,0 >0

2: forallt € [T| dodo

3: forall k € K| define do

4: N1 =S Ik =i},

A 2 _ 1 ~2
Ak,t—l — 552 MK 11

5. end for
: : N
6: pulli; € arg min F(Ng -1, Nii—148% 1, ak).

:&k,t—l — Nkl Zi;ll H{k — /I:S}XS

t—1

ke|K]|

7: observe X; ~ v,

8: end for

9: Define tyax = max min F (N4, Ny A7, ay)
te[T) ke[K] ’

10: Return foreach k € |K]|, S = Sign(ﬂk,tmax)

Assumption The index function F'(n,z,a): N x Ry x R} — R is non-
decreasinginn and x and lim,, .., F(n,ny,a) = +oc forally > 0,a > 0.

Examples: we recall the following algorithms

o LSAOf[1]: 4441 = argmingeix Ny A2. Equivalent to F(n,z) = z.

* APT of [2]: 441 = argminge(x) osz,tA%t + log N +. Equivalent to
F(n,x) = x + log(n).

Oracle & lower bounds

Non-adaptive oracle

e If known gaps (A, = ] ), fixed pull number Ny + of arm £, then

oV 2
K 2
| Lr| < g arpe Ve TRk

k=1
e Oracle: minimize the above upper bound. Assume wlog that

a1 A < ... < aKA%(, then

using Hoeffding’s inequality:

a 2
T+ 3 jes azlog (a,];i_g)
©|Lt] < Zak+ Zakexp > : 1 :

k<ko k> ko JES AZ

dko € [K],

Remark: This oracle doesn’t pull the arms with index smaller than k.

Lower bound: fix {Ax, k € [K|} and T > K. For any algorithm, there
exists ur € {Ar, —Ax} such that

—4NL A%

) : K
C | Lt] > i IMIMS™  Np=T Zk:l GRc

A good algorithm pulls all arms: There exists pq, pa, p1.¢, 2, that if

. _ 2
min >, e~ N2k then
S, Ne=T

\ k
MAX, e {uy  pp.et Lo [ kO:1 Nk,T} — Q(T)

MaxXjeuy,us Lj [LT] <

Remark: The latter implies that we cannot achieve the M-shaped allo-
cation given by the non-adaptive oracle.

FWT algorithm statement, intuition
Intuition behind FWT:

1. Write the loss upper bound: B (Np) = Zle ape~ NeTAL

2. Estimate its gradient sequentially: VB (IV;) = (—akAie—Nk,tAi)k

3. Gaps must be estimated = VB (N,), = —a;A2e Vet
4. Frank-Wolfe recommends F (n,z,a;) = z — logx + log(n/ax)
5. Fyisdecreasinginx forz € (0,1) so we propose the modification:
F™ (n,x,a;) = max{x, 1} — log(max{x,1}) + log (n/as)
Deriving LSA & APT:

e APT: can be derived similarly to FWT (see above) using the upper-
bound:

. _
S\ Lr| = K arlis S < B(N;) = ma e_N’“’tAi.
L] kz::l KISk # sk | < B(IVy) ke{}){c]

e LSA: Derived using the same upper-bound as FWT, with a differ-
ent solution for the instability: Instead of step 5 (see above), they
estimate:

AT ~

1

Ni ¢

Theorem: Assume that a;, = 1, It comes:

a 1 T
B[ LAPT] < 2\/6T2:ak exp ( i— ) ,
1 45 1/A7

2 2
a; Aj max; a;A;

forT > 22;11 ~z (2 + log log %), it comes:

(ming arA3)?2

T/2— Y, 7 log 254
LA < 2veT )  ay exp ! - il
Remarks:
e Theorem 2 inthe paperisless explicit but more general and holds
forall T > 0.

e LSA’s bound is less explicit, close to FWT’s for large T..
e Our bounds improve over the original results in terms of the ex-

ponential decay rate: LSA by a factor of 4005 and APT by 8
e |SA & FWT recover the exponent of the oracle (up to factor 1/4).

Empirical illustration: Consider A; = (¢/K)?. In the left figure (below)
we compare the loss upper bounds, in the right one we see the oracle
and empirical sampling distributions with respect to u.
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o For thresholding bandits:

1. We propose FWT that achieves explicit finite time loss bounds

2. We use our proof to improve the original bound of LSA by a fac-
tor of 4005 and APT by 8.

3. Our method, FWT, is within a factor 4 of the oracle.

o Other results in the paper:
1. Extension to the sum-of-gaps objective

2. Benefits of adaptivity, our algorithms surpass the optimal non-
adaptive oracle empirically in certain settings.

o Future work: the paper could be complemented by a deeper

theoretical analysis of adaptivity.
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